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Nf in Weak Hamiltonian

�2

HW = Σi wi (μ) Oi (μ) 

     = Σi wi (μ) Oi (μ) 
     = …

4f 4f

3f 3f

We can use either 3f or 4f for WMEs
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WMEs w/ 4-flavor operators

�3

<f|HW|i> = Σi wi (μ) <f|Oi (μ)|i>4f 4f

LQCDpQCD

wi (μ): precise at HEs4f

μΛQCD

wi
Main issue in lattice calculation is 
  Window problem:  ΛQCD ≪ μ ≪ a-1 

    → resolved by step scaling, etc…
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WMEs w/ 3-flavor operators

�4

<f|HW|i> = Σi wi (μ) <f|Oi (μ)|i>3f 3f

LQCDpQCD

wi (μ): precise at HEs4f

μ

wi
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WMEs w/ 3-flavor operators

�4

<f|HW|i> = Σi wi (μ) <f|Oi (μ)|i>3f 3f

LQCDpQCD

wi (μ): large uncertainty 
12% uncertainty for K → ππ 

- PRL 115,212001(2015)

3f

wi (μ): precise at HEs4f

μmc

wi
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WMEs w/ 3-flavor operators

�4

<f|HW|i> = Σi wi (μ) <f|Oi (μ)|i>3f 3f

LQCDpQCD

wi (μ): large uncertainty 
12% uncertainty for K → ππ 

- PRL 115,212001(2015)

3f

wi (μ): precise at HEs4f

μmc

wi

wi (μ) from pQCD 

+ 

NP matching: wi (μ) → wi (μ)

4f

4f 3f
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wi  (μ)≠ wi  (μ)?
Of course sea charm effects ⇒ wi (μ) ≠ wi (μ) 
- Maybe small difference → neglect in this work 

If Oi  contains charm… 

- Oi ’s w/ charm turn to a combination of Oi ’s in μ ≪ mc 

- wi  = wi  + Σj Mij wj

�5

3f

3f

4f

4f

4f

Ex)

3f 4f

4f 3f

s

dc

c

W c c
g

W

q q

s d

4f,c
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K → ππ by RBC/UKQCD (2015)

2+1 DWF / Iwasaki + DSDR gauge action 

a-1 = 1.38 GeV 

    ⇒ too coarse to introduce charm 

    ⇒ 3-flavor operators for MEs 
        & perturbative 3/4-flavor matching 

    ⇒ 12% systematic uncertainty 

‣ NP matching (obtained from finer lattices) is desired

�6
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Outline

Introduction 

NP matching strategy 
- Two-point functions in position space 
- Gauge invariant 

Technique for reducing discretization errors 
- Average over spheres 
- Enables an appropriate a → 0 limit 

Result of exploratory calculation 

- 163 x 32  

- Statistical error significant

�7
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NP 4f-3f matching in position Sp.

�8

Pα               Σi Tαi Qi
LDs

Pα : includes charm
Qi : charmless

HW = Σi wi  Qi = Σi wi  Qi + Σα wα    Pα3f 4f 4f,c

Σi (wi  + Σα wα    Tαi) Qi4f 4f,c

⇒  wi  = (wi  + Σα TTiα wα    )3f 4f 4f,c

Redefinition: 
- Oi        Qi 
- Oi        (Qi, Pα)

3f

4f
wi        wi3f 3f

wi        (wi  , wα     )4f,c4f4f
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NP 4f-3f matching in position Sp.

�9

- <Pα(x) O(y)†>                    Σi Tαi <Qi(x) O(y)†>
|x-y| ≫ 1/mc

- O: any operator
⇒ We consider 
      O(x) = Qi (x)   i = 1, 2, …

Pα : includes charm
Qi : charmless

Redefinition: 
- Oi        Qi 
- Oi        (Qi, Pα)

3f

4f
wi        wi3f 3f

wi        (wi  , wα     )4f,c4f4f

Pα               Σi Tαi Qi
LDs
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NP 4f-3f matching in position Sp.

�10

Gauge invariant & free from contact terms 

  ⇒ can prevent mixing with irrelevant operators

<Pα(x) Qi(y)†> = Σj Tαj <Qj(x) Qi(y)†> ( |x-y| ≫ 1/mc )

Gji   (x-y)QQGαi (x-y)PQ

Miα = Tαi = Σj (GQQ(x-y))ij  Gjα  (x-y)QP-1

wi  = wi  + Σα Miα wα3f 4f 4f,c
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Independence of Qi

Miα = Σj (G    (x-y))ij Gjα (x-y) 

Inverse matrix (G     (x-y))ij  exists                        
ONLY IF Qi’s are independent with each other 
- Ex: ΔS = 1 weak operators not the case!

�11

QQ QP-1

QQ -1
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1 Definitions and irreducible representations

1.1 Three-flavor theory

Table 1: Standard basis of ∆S = 1 four-quark operators in three-flavor theory.
Type Qi (L,R)-I

current-current Q1 = (sαdα)L(uβuβ)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

Q2 = (sαdβ)L(uβuα)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

QCD penguin Q3 = (sαdα)L
∑3f

q (qβqβ)L (8, 1)-1/2

Q4 = (sαdβ)L
∑3f

q (qβqα)L (8, 1)-1/2

Q5 = (sαdα)L
∑3f

q (qβqβ)R (8, 1)-1/2

Q6 = (sαdβ)L
∑3f

q (qβqα)R (8, 1)-1/2

EW penguin Q7 =
3
2(sαdα)L

∑3f
q eq(qβqβ)R (8, 8)-1/2 ; (8, 8)-3/2

Q8 =
3
2(sαdβ)L

∑3f
q eq(qβqα)R (8, 8)-1/2 ; (8, 8)-3/2

Q9 =
3
2(sαdα)L

∑3f
q eq(qβqβ)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

Q10 =
3
2(sαdβ)L

∑3f
q eq(qβqα)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

The ∆S = 1 four-quark operators in three-flavor theory are summarized in Table 1.

Here, α and β are color indices and the R/L subscripts denote right- and left-handed

currents,

(qq′)R/L = qγµ(1± γ5)q
′. (1)

2

3 relations among Qi’s 
  (Fierz sym. + simple comb.) 

→ 7 independent operators
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Representations of Weak Oprs.
Representations of SU(3) x SU(3) chiral symmetry 

7 independent Qi’s 
- 1 in (27,1) representation 

- 4 in (8,1) representation 

- 2 in (8,8) representation 

4 independent Pα’s 
- (sd)L (cc)L/R (color-mixed and unmixed contractions) 
- all in (8,1) 

Only (8,1) associated with charm decoupling

�12

(nL,nR)

Pα   → Σi Tαi    Qi
(8,1) (8,1)(8,1)

[RBC/UKQCD 2003]
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Color trivialization by Fierz trf.

Def: 

Left-Left operators 

Left-Right operators

�13

(s̄d)L(q̄q)R/L = s̄�µ(1� �5)d · q̄�µ(1± �5)q
<latexit sha1_base64="N2d5a5Bgzd7W/w5Zut864TFP/g0="></latexit>

(s̄↵d�)L(q̄�q↵)L = (s̄↵q↵)L(q̄�d�)L
<latexit sha1_base64="kFYF3JDtDEKy/0Kx7zF62NvqhXg="></latexit>

(s̄↵d�)L(q̄�q↵)R = �2s̄↵(1 + �5)q↵ · q̄�(1� �5)d�
<latexit sha1_base64="WWLBNJZ4hjkcmbncTAvekCkcj7k="></latexit>
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Contractions

�14

�� ����

Figure 1: Fully connected diagrams in which each quark propagator connects the source
and sink points. The left panel corresponds to F4-type and the right one corresponds to
F2,2-type.

2.2 Fully connected diagrams

The fully connected diagrams can be classified to the following two kinds:

F2,2(x, y;Γ1,Γ2;Γ3,Γ4)
q1q2q3q4 = Tr

[
Γ1S

q1
F (x, y)Γ2S

q2
F (y, x)

]
· Tr

[
Γ3S

q3
F (x, y)Γ4S

q4
F (y, x)

]
,

(61)

F4(x, y;Γ1,Γ2,Γ3;Γ4)
q1q2q3q4 = Tr

[
Γ1S

q1
F (x, y)Γ2S

q2
F (y, x)Γ3S

q3
F (x, y)Γ4S

q4
F (y, x)

]
, (62)

which are sketched in Figure 1.

For calculation of GF
4-3(x − y) and GF

3-3(x − y) at the SU(3) isospin limit, we need 6

contractions of the type F4:

F4(x, y;Γ
−
µ ,Γ

−
ν ,Γ

−
µ ,Γ

−
ν )

llll,

F4(x, y;Γ
−
µ ,Γ

−
ν ,Γ

−
µ ,Γ

+
ν )

llll,

F4(x, y;Γ
−
µ ,Γ

−
ν ,Γ

+
µ ,Γ

+
ν )

llll,

F4(x, y;Γ
−
µ , 1− γ5,Γ

−
µ , 1 + γ5)

llll,

F4(x, y;Γ
−
µ , 1 + γ5,Γ

+
µ , 1− γ5)

llll,

F4(x, y; 1− γ5, 1− γ5, 1 + γ5, 1 + γ5)
llll,

and 6 contractions of the type F2,2:

F2,2(x, y;Γ
−
µ ,Γ

−
ν ;Γ

−
µ ,Γ

−
ν )

llll,

F2,2(x, y;Γ
−
µ ,Γ

−
ν ;Γ

−
µ ,Γ

+
ν )

llll,

1It may be enough to use only n′
f = 3. See Section 4

15
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Figure 2: Loop-contained diagrams in which there are quark loops at source and sink
points. Top/Left panel corresponds to F̃4-type, Bottom/Left panel corresponds to F̃ x

3,1-

type, Top/Right panel corresponds to F̃ y
3,1-type and Bottom/Right panel corresponds to

F̃2,1,1-type.

For calculation of GF
4-3(x− y) and GF

3-3(x− y), the F̃4-type requires 18 contractions for

3 + 1-flavor or 10 contractions in the SU(4) limit:

F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

−
ν ,Γ

−
ν )

llll, F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

−
ν ,Γ

−
ν )

llcl,

F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

−
ν ,Γ

+
ν )

llll, F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

−
ν ,Γ

+
ν )

clll,

F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

+
ν ,Γ

−
ν )

llll, F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

+
ν ,Γ

−
ν )

clll,

F̃4(x, y;Γ
−
µ ,Γ

−
µ , 1 + γ5, 1− γ5)

llll, F̃4(x, y;Γ
−
µ ,Γ

−
µ , 1 + γ5, 1− γ5)

llcl, F̃4(x, y;Γ
−
µ ,Γ

−
µ , 1 + γ5, 1− γ5)

clll,

F̃4(x, y;Γ
−
µ ,Γ

+
µ ,Γ

−
ν ,Γ

+
ν )

llll,

F̃4(x, y;Γ
−
µ ,Γ

+
µ ,Γ

+
ν ,Γ

−
ν )

llll,

F̃4(x, y;Γ
−
µ ,Γ

+
µ , 1− γ5, 1 + γ5)

llll, F̃4(x, y;Γ
−
µ ,Γ

+
µ , 1− γ5, 1 + γ5)

clll,

F̃4(x, y;Γ
+
µ ,Γ

−
µ ,Γ

+
ν ,Γ

−
ν )

llll,

F̃4(x, y; 1− γ5, 1 + γ5,Γ
+
ν ,Γ

−
ν )

llll, F̃4(x, y; 1− γ5, 1 + γ5,Γ
+
ν ,Γ

−
ν )

llcl,

F̃4(x, y; 1− γ5, 1 + γ5, 1− γ5, 1 + γ5)
llll, F̃4(x, y; 1− γ5, 1 + γ5, 1− γ5, 1 + γ5)

llcl.
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−
µ , 1 + γ5, 1− γ5)

llll, F̃4(x, y;Γ
−
µ ,Γ
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llcl.
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6 contractions 6 contractions

18 contractions 32 contractions 18 contractions

4/3-flavor matching should be independent of mud & ms 

     ⇒ Calculate w/ SU(3) valence quarks + 1 heavier quark
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Subtraction of power divergence
Loop diagram can contain power divergence 
- from power divergence of operators 

- Eliminate by redefining 

     with a condition

�15

Oi ~ ̶m̶qa2

O0
i = Oi � C�s̄(1� �5)d� C+s̄(1 + �5)d

<latexit sha1_base64="oV8fQcl80yEOZ9gFYcuIvTnxIHw="></latexit>

⌦
s̄(1± �5)d(x) ·O0

i

(y)†
↵ ��

x�y=x0
= 0

<latexit sha1_base64="hSbxRqK2IHhZXjJ+ZKIqJ3FRYiw="></latexit>
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Figure 3: Diagrams of correlators of a four-quark and bilinear operators. Top/Left panel

corresponds to F̃ [x]
3 -type, Middle/Left panel corresponds to F̃ [y]

3 -type, Top/Right panel

corresponds to F̃ x
2,1-type, Middle/Right panel corresponds to F̃ y

2,1-type and Bottom pane
corresponds to F2-type.
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12 contractions 12 contractions 3 contractions
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Representative result

�16

Different lattice points distinguished ( (1,1,1,1) ≠ (0,0,0,2) )

�����
�����
�����
����
����
����
����
���

� � � � � � � � �

<Q1(x) Q1(0)†> • 163 x 32 

• a-1 = 1.78 GeV 

• mud = ms  = ms 

• Plotted in lattice 
units 

• Unrenormalized

val val sea

|x|/a
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Our final goal: continuum limit of Miα 

- to apply it to our K → ππ result on 1.38 GeV lattice 

a-dependence of Miα may depend on x 

‣ We propose an idea to take continuum limit in a more 
appropriate way 
- Averaging correlators over sphere to get O(4)-symmetric 
ones at any physical distance |x| 

- Example for Zm  [MT & N. Christ, PRD99,014515]

How to a → 0?

�17

• Need lattice cite w/ a mutual 
physical distance for each a for 
a → 0 limit 

• No or few such mutual distance
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Average over spheres
Evaluate the value of a 
quantity at each 4d point 
from values at lattice points, 
with a guideline 

Take the average over the 
sphere for each distance |x|

�18

0
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x
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f̄(x)
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f̄(x) = ⌘(f lat;x)
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f̂(|x|) = 1

2⇡2

I

S

3(|x|)
d⌦ f(x)
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※ details in following slides
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Potential O(a1) error (1-dim)
Defs: 
- fn: lattice value at site n 

- f(x): “continuum limit” : fn = f(an) + O(a2) 

Estimation f(x) should satisfy 
- f(x) = f(x) + O(a2) 

Potential O(a1) error in f(x) 
- fn = f(an) + O(a2) 

         = f(x) + f’(x)･(an-x) + O(a2) 

- f(x) is calculated using fn’s ⇒ O(a1) can appear 
- Balanced combination needed

-
-

-

O(a1)-
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Evaluation of  f(x) (1-dim)
Linear interpolation

�20
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f̄(x) =
(a(n+ 1)� x)fn + (x� an)fn+1

a
= f(x) +O(a2)

<latexit sha1_base64="JhGGMB7glhSJzsAT5B6XRZJD0dU="></latexit><latexit sha1_base64="JhGGMB7glhSJzsAT5B6XRZJD0dU="></latexit><latexit sha1_base64="JhGGMB7glhSJzsAT5B6XRZJD0dU="></latexit><latexit sha1_base64="JhGGMB7glhSJzsAT5B6XRZJD0dU="></latexit>

Accurate up to O(a2)
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Evaluation of  f(x) (2-dim)
Bilinear interpolation

�21
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f̄(x) =
(a(n2 + 1)� x2)f̄(A) + (x2 � an2)f̄(B)

a

= a�2( a(n1 + 1)� x1 x1 � an1 )

✓
fn fn+2̂

fn+1̂ fn+1̂+2̂

◆✓
a(n2 + 1)� x2

x2 � an2

◆

= f(x) +O(a2)
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Evaluation of  f(x) (4-dim)
Quadrilinear interpolation

�22

f̄(x) = a

�4
1X

i,j,k,l=0

�1,i�2,j�3,k�4,lfn+i1̂+j2̂+k3̂+l4̂

<latexit sha1_base64="xXmMU9psvJE+ZuNnq0JZD15qcHc="></latexit><latexit sha1_base64="xXmMU9psvJE+ZuNnq0JZD15qcHc="></latexit><latexit sha1_base64="xXmMU9psvJE+ZuNnq0JZD15qcHc="></latexit><latexit sha1_base64="xXmMU9psvJE+ZuNnq0JZD15qcHc="></latexit>

�µ,i = |a(nµ + 1� i)� xµ|
<latexit sha1_base64="miro8JVRDdp+ZMXcwNaLzQw4CQU="></latexit><latexit sha1_base64="miro8JVRDdp+ZMXcwNaLzQw4CQU="></latexit><latexit sha1_base64="miro8JVRDdp+ZMXcwNaLzQw4CQU="></latexit><latexit sha1_base64="miro8JVRDdp+ZMXcwNaLzQw4CQU="></latexit>

- Accurate up to O(a2)
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Spherical Ave. for 2pt func
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Results for Mij

�24

• 163 x 32 

• a-1 = 1.78 GeV 

• 88 confs in 3,500 
MD time 

• mud = ms  = ms 

• Unrenormalized

val val sea

Miα = Σj (G    (x))ij Gjα (x) 
- should be independent of x at LDs |x| ≫ 1/mc

QQ QP-1
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Results for Mij

�24

• 163 x 32 

• a-1 = 1.78 GeV 

• 88 confs in 3,500 
MD time 

• mud = ms  = ms 

• Unrenormalized

val val sea

Miα = Σj (G    (x))ij Gjα (x) 
- should be independent of x at LDs |x| ≫ 1/mc

QQ QP-1

-0.05

0.00

0.05

0.10

0.15

0.20

0.25

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

amc = 0.3
amc = 0.6

1/|x| [GeV]
around 1/|x| = 0.4 GeV… 

- Large statistical error 
- Less clear plateau
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Naive estimation of wα 

- w2    = O(1) 
- w1,3,4 = O(αs) 
Mi2 : most sensitive

Significance of matching

�25

4f,c

Q2   = (su)L (ud)L, (sc)L (cd)L

w                = O(1) 

w(others) = O(αs)

s

du,c

u,c
W

u,c

P(8,1)
1 =Qc

1

P(8,1)
2 =Qc

2

P(8,1)
3 =(s̄idi)L(c̄jcj)R

P(8,1)
4 =(s̄idj)L(c̄jci)R

<latexit sha1_base64="KeobAK5oTrnIbp7JvKbyBtGhiLQ="></latexit>

wi  = wi  + Σα Miα wα3f 4f 4f,c

4f,c

4f,c
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Miα at |x-y|-1 = 400 MeV 

Need to improve statistics

�26

det
[
G3-3(x = 2.5 GeV−1)

]
= 3.619(94)× 10−59.

Table 1: G3-3 at x = 2.5 GeV−1 in the independent basis

1 2 3 4
1 3.390(50)× 10−9 −1.26(20)× 10−10 1.29(36)× 10−10 2.79(78)× 10−10

2 −1.26(20)× 10−10 3.992(16)× 10−9 −1.22(25)× 10−10 −2.57(28)× 10−10

3 1.29(36)× 10−10 −1.22(25)× 10−10 3.991(38)× 10−9 6.165(73)× 10−9

4 2.79(78)× 10−10 −2.57(28)× 10−10 6.165(73)× 10−9 1.625(12)× 10−8

Table 2: Charm-contained components of G3-4 at x = 2.5 GeV−1 in the independent basis

5 6 7 8
1 −1.4(1.1)× 10−11 6.9(2.2)× 10−11 −1.3(1.2)× 10−11 9.3(4.0)× 10−11

2 4.9(4.6)× 10−12 −2.1(1.3)× 10−11 −9(42)× 10−13 −2.5(1.2)× 10−11

3 −8.4(7.7)× 10−12 3.2(2.2)× 10−11 4.9(5.5)× 10−12 6(18)× 10−12

4 2.28(94)× 10−11 −4.8(3.7)× 10−11 1.4(1.6)× 10−11 −3.3(4.6)× 10−11

Table 3: G−1
3-3 at x = 2.5 GeV−1

1 2 3 4
1 2.958(44)× 108 9.0(1.4)× 106 −4(10)× 106 −3.4(5.0)× 106

2 9.0(1.4)× 106 2.510(10)× 108 3.6(3.6)× 106 2.5(1.5)× 106

3 −4(10)× 106 3.6(3.6)× 106 6.06(11)× 108 −2.296(63)× 108

4 −3.4(5.0)× 106 2.5(1.5)× 106 −2.296(63)× 108 1.488(34)× 108

Table 4: Nontrivial components of M = G−1
3-3G3-4 at x = 2.5 GeV−1

1 2 3 4
1 −4.0(3.1)× 10−3 2.01(65)× 10−2 −3.8(3.5)× 10−3 2.7(1.2)× 10−2

2 1.1(1.1)× 10−3 −4.6(3.3)× 10−3 −3(11)× 10−4 −5.4(2.6)× 10−3

3 −1.02(51)× 10−2 3.0(1.7)× 10−2 −1(36)× 10−4 1.1(1.1)× 10−2

4 5.4(2.3)× 10−3 −1.47(83)× 10−2 10(21)× 10−4 −6.7(6.0)× 10−3

1

wi  = wi  + Σα Miα wα3f 4f 4f,c

i

α
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Miα at |x-y|-1 = 400 MeV 

Need to improve statistics

�26
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3-3 at x = 2.5 GeV−1

1 2 3 4
1 2.958(44)× 108 9.0(1.4)× 106 −4(10)× 106 −3.4(5.0)× 106
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Table 4: Nontrivial components of M = G−1
3-3G3-4 at x = 2.5 GeV−1

1 2 3 4
1 −4.0(3.1)× 10−3 2.01(65)× 10−2 −3.8(3.5)× 10−3 2.7(1.2)× 10−2
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1

wi  = wi  + Σα Miα wα3f 4f 4f,c

i

α

Multiplied by w2   ~ 14f,c
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Main error source
GQQ(x-y)-1 at |x-y|-1 = 400 MeV 

GQP(x-y) at |x-y|-1 = 400 MeV

�27

det
[
G3-3(x = 2.5 GeV−1)

]
= 3.619(94)× 10−59.

Table 1: G3-3 at x = 2.5 GeV−1 in the independent basis

1 2 3 4
1 3.390(50)× 10−9 −1.26(20)× 10−10 1.29(36)× 10−10 2.79(78)× 10−10
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3 −8.4(7.7)× 10−12 3.2(2.2)× 10−11 4.9(5.5)× 10−12 6(18)× 10−12

4 2.28(94)× 10−11 −4.8(3.7)× 10−11 1.4(1.6)× 10−11 −3.3(4.6)× 10−11

Table 3: G−1
3-3 at x = 2.5 GeV−1

1 2 3 4
1 2.958(44)× 108 9.0(1.4)× 106 −4(10)× 106 −3.4(5.0)× 106

2 9.0(1.4)× 106 2.510(10)× 108 3.6(3.6)× 106 2.5(1.5)× 106

3 −4(10)× 106 3.6(3.6)× 106 6.06(11)× 108 −2.296(63)× 108

4 −3.4(5.0)× 106 2.5(1.5)× 106 −2.296(63)× 108 1.488(34)× 108

Table 4: Nontrivial components of M = G−1
3-3G3-4 at x = 2.5 GeV−1

1 2 3 4
1 −4.0(3.1)× 10−3 2.01(65)× 10−2 −3.8(3.5)× 10−3 2.7(1.2)× 10−2

2 1.1(1.1)× 10−3 −4.6(3.3)× 10−3 −3(11)× 10−4 −5.4(2.6)× 10−3

3 −1.02(51)× 10−2 3.0(1.7)× 10−2 −1(36)× 10−4 1.1(1.1)× 10−2

4 5.4(2.3)× 10−3 −1.47(83)× 10−2 10(21)× 10−4 −6.7(6.0)× 10−3

1

- Good precision

det
[
G3-3(x = 2.5 GeV−1)

]
= 3.619(94)× 10−59.

Table 1: G3-3 at x = 2.5 GeV−1 in the independent basis

1 2 3 4
1 3.390(50)× 10−9 −1.26(20)× 10−10 1.29(36)× 10−10 2.79(78)× 10−10
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3 1.29(36)× 10−10 −1.22(25)× 10−10 3.991(38)× 10−9 6.165(73)× 10−9

4 2.79(78)× 10−10 −2.57(28)× 10−10 6.165(73)× 10−9 1.625(12)× 10−8

Table 2: Charm-contained components of G3-4 at x = 2.5 GeV−1 in the independent basis

1 2 3 4
1 −1.4(1.1)× 10−11 6.9(2.2)× 10−11 −1.3(1.2)× 10−11 9.3(4.0)× 10−11
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3 −8.4(7.7)× 10−12 3.2(2.2)× 10−11 4.9(5.5)× 10−12 6(18)× 10−12

4 2.28(94)× 10−11 −4.8(3.7)× 10−11 1.4(1.6)× 10−11 −3.3(4.6)× 10−11

Table 3: G−1
3-3 at x = 2.5 GeV−1

1 2 3 4
1 2.958(44)× 108 9.0(1.4)× 106 −4(10)× 106 −3.4(5.0)× 106

2 9.0(1.4)× 106 2.510(10)× 108 3.6(3.6)× 106 2.5(1.5)× 106

3 −4(10)× 106 3.6(3.6)× 106 6.06(11)× 108 −2.296(63)× 108

4 −3.4(5.0)× 106 2.5(1.5)× 106 −2.296(63)× 108 1.488(34)× 108

Table 4: Nontrivial components of M = G−1
3-3G3-4 at x = 2.5 GeV−1

1 2 3 4
1 −4.0(3.1)× 10−3 2.01(65)× 10−2 −3.8(3.5)× 10−3 2.7(1.2)× 10−2

2 1.1(1.1)× 10−3 −4.6(3.3)× 10−3 −3(11)× 10−4 −5.4(2.6)× 10−3

3 −1.02(51)× 10−2 3.0(1.7)× 10−2 −1(36)× 10−4 1.1(1.1)× 10−2

4 5.4(2.3)× 10−3 −1.47(83)× 10−2 10(21)× 10−4 −6.7(6.0)× 10−3

1

- Worse precision
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GQP(x-y)

A2A propagator either c or l 
- Pure random noise sources for this tentative calc. 
- A2A l may be improved by using low modes & deflated CG 

- A2A may be improved by sparse noise sources

�28
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Figure 2: Loop-contained diagrams in which there are quark loops at source and sink
points. Top/Left panel corresponds to F̃4-type, Bottom/Left panel corresponds to F̃ x

3,1-

type, Top/Right panel corresponds to F̃ y
3,1-type and Bottom/Right panel corresponds to

F̃2,1,1-type.

For calculation of GF
4-3(x− y) and GF

3-3(x− y), the F̃4-type requires 18 contractions for

3 + 1-flavor or 10 contractions in the SU(4) limit:
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llll, F̃4(x, y; 1− γ5, 1 + γ5,Γ
+
ν ,Γ

−
ν )

llcl,

F̃4(x, y; 1− γ5, 1 + γ5, 1− γ5, 1 + γ5)
llll, F̃4(x, y; 1− γ5, 1 + γ5, 1− γ5, 1 + γ5)

llcl.

17

l

l

c l

Deflated CG w/ ml = ms : 2,3x faster

[RBC/UKQCD 2016, HVP]
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Summary

�29

Purpose 

Idea 

Gauge invariant — privent mixing w/ irrelevant Oprs. 
Large statistical error in an exploratory calculation on 

16-1 lattice at a-1 = 1.78 GeV 

- Trying to improve using Lanczos A2A, sparse noise, … 

Main calculation will be at a-1 = 2.35 GeV, 3.15 GeV, … 

w3f
i

<latexit sha1_base64="NQWJvzk9XQUkyFu6IzYVqxDyehQ="></latexit>

NP method
(for K → ππ)w4f

i ,w4f
↵

<latexit sha1_base64="y3kElinq2NJrc/hwq9axyG8MJZg=">AAACBHicbVC7TsMwFHV4lvAKMHaxqJAYUJWUSjBWsDAWiT6kJkSO67RWHSeyHaoq6sDCr7AwgBArH8HG3+CmGaDlSFc6Pude+d4TJIxKZdvfxsrq2vrGZmnL3N7Z3du3Dg7bMk4FJi0cs1h0AyQJo5y0FFWMdBNBUBQw0glG1zO/80CEpDG/U5OEeBEacBpSjJSWfKvsytAc+/Q+q4fTMzj2XcSSIcqfvlWxq3YOuEycglRAgaZvfbn9GKcR4QozJGXPsRPlZUgoihmZmm4qSYLwCA1IT1OOIiK9LD9iCk+00odhLHRxBXP190SGIiknUaA7I6SGctGbif95vVSFl15GeZIqwvH8ozBlUMVwlgjsU0GwYhNNEBZU7wrxEAmElc7N1CE4iycvk3at6pxXa7f1SuOqiKMEyuAYnAIHXIAGuAFN0AIYPIJn8ArejCfjxXg3PuatK0YxcwT+wPj8AeVel58=</latexit>

w

3f
i = w

4f
i + P

j,↵(G
QQ(x� y))�1

ij G

QP
j↵ (x� y)w4f,c

↵
<latexit sha1_base64="ccxVycWdX6Omm8Fw2qiCKPe0mRg="></latexit>

w3f
i Qi ! w4f

i Qi + w4f,c
↵ P↵

<latexit sha1_base64="Uu7QIetbk5jtctlQNECGOhld5To=">AAACLHicbVDLSsNAFJ3Ud3xVXboZLIKglKQt6FJ047IF+4CmhpvppB06eTAzsZTQD3LjrwjiQhG3foeTNgttPXDhzDn3MvceL+ZMKsv6MAorq2vrG5tb5vbO7t5+8eCwJaNEENokEY9ExwNJOQtpUzHFaScWFAKP07Y3us389iMVkkXhvZrEtBfAIGQ+I6C05BZvHembY5c9pFV/ihsuMx3BBkMFQkTjuVGbG/gcj10HeDyETLsg03r+dIslq2zNgJeJnZMSylF3i69OPyJJQENFOEjZta1Y9VIQihFOp6aTSBoDGcGAdjUNIaCyl86OneJTrfSxHwldocIz9fdECoGUk8DTnQGooVz0MvE/r5so/6qXsjBOFA3J/CM/4VhFOEsO95mgRPGJJkAE07tiMgQBROl8TR2CvXjyMmlVyna1XGnUStc3eRyb6BidoDNko0t0je5QHTURQU/oBb2jD+PZeDM+ja95a8HIZ47QHxjfP64Fp0c=</latexit>
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Condition 

Condition valid in |p1,2| ≪ mc  

Statistical error 
- |p1,2| = 1.2 GeV → 10% 

- |p1,2| = 0.6 GeV → 50% 

Previous effort in mom Sp.

�30

Oi

p1 p1

p2 p2

Oi

p1 p1

p2 p2

Pαβγδ  Λαβγδ (Oi (μ);p1,p2) wi (μ)
abcd abcd 3f 3f

Pαβγδ  Λαβγδ (Oi (μ);p1,p2) wi (μ)
abcd abcd 4f 4f

=

G-fixed amputated Green’s function
flavor, color and spin projector
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Why mom procedure so bad?
Gauge fixing 

- Large Gribov noise 
• Gauge condition does not have a unique solution on the 
gauge orbit 

• Gauge-dependent quantities have some ambiguity 

- Mixing with gauge-noninvariant operators 

Off-shell condition 

- Mixing with operators that vanish by EoM

�31

All significant at small p1,2 

Position-space procedure is free from all of these 
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Naive estimation of wi  , wα 

- w1,2, w2    = O(1) 
- w3,4, w1,3,4 = O(αs) 
Mi2 : most sensitive

Significance of matching

�32

4f 4f,c
Q(8,1)

1 =� 1p
10
Qu

1+
1p
10
Qu

2+
2p
10
Q3

Q(8,1)
2 = 1p

2
Qu

1� 1p
2
Qu

2

Q(8,1)
3 =Q5

Q(8,1)
4 =Q6

<latexit sha1_base64="7Wpm5OSc3JQhzZhuYXa0om92bgI="></latexit>

Q2   = (su)L (ud)L, (sc)L (cd)L

w                = O(1) 

w(others) = O(αs)

s

du,c

u,c
W

u,c
P(8,1)
1 =Qc

1

P(8,1)
2 =Qc

2

P(8,1)
3 =(s̄idi)L(c̄jcj)R

P(8,1)
4 =(s̄idj)L(c̄jci)R
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wi  = wi  + Σα Miα wα3f 4f 4f,c

4f 4f,c

4f 4f,c


